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The pioneer work of Krim and Widom unveiled the origin of the visous nature of
frition at the atomi sale. This generated extensive experimental and theoretial
ativity. However, fundamental questions remain open like the relation between
sliding frition and the topology of the substrate, as well as the dependene on the
temperature of the ontat surfae. Here we present results, obtained using moleular
dynamis, for the phononi frition oeient (ηph) for a one dimensional model of an
adsorbate-substrate interfae. Dierent ommensuration relations between adsorbate
and substrate are investigated as well as the temperature dependene of ηph. In all the
ases we studied ηph depends quadratially on the substrate orrugation amplitude,
but is a non-trivial funtion of the ommensuration ratio between substrate and
adsorbate. The most striking result is a deep and wide region of small values of ηph
for substrate-adsorbate ommensuration ratios between ≈ 0.6−0.9. Our results shed
some light on ontraditory results for the relative size of phononi and eletroni
frition found in the literature.
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21. INTRODUCTION
The pioneer work of Krim and Widom, revealing the visous nature of the frition of a
krypton monolayer sliding over a gold substrate [1℄, generated a urry of theoretial work in-
tended to develop an understanding of this interesting phenomenon [2, 3, 4, 5℄. Subsequently,
a huge body of new and fasinating experiments on nanosale frition have seen the light
during the last 15 years. However, the theoretial interpretation of nanosopi sliding exper-
iments has evidened some degree of disagreement, mainly related to inompatible results
between dierent simulations [2, 3, 4, 5℄, in spite of the fat that they were performed with
similar models and tehniques. With the aim of nding some plausible explanation for these
disrepanies we set out to study the relation between the topology and the sliding frition
oeient η. Speially, we ondut a areful study of a one-dimensional model to dislose
the relation between sliding atomi frition and substrate-adsorbate ommensuration ratio.
Understanding the origin of sliding frition is a fasinating and hallenging enterprise [6,
7℄. Issues like how the energy dissipates on the substrate, whih is the main dissipation
hannel (eletroni or phononi) and how the phononi sliding frition oeient depends on
the orrugation amplitude were addressed, and partially solved, by several groups [2, 3, 4, 5℄.
Yet, in the spei ase of Xe over Ag, four dierent groups tried either to explain, or to
estimate theoretially, the experimental observations of Daily and Krim [8℄. Despite the fat
that they used similar models, and similar simulation tehniques to alulate the phononi
ontribution to frition, they got quite dierent results. Persson and Nitzan [3℄ found that
the phononi frition was not signiant in omparison with the eletroni ontribution,
while Smith et al. [2℄, and Tomassone et al. [4℄ found the opposite. On the other side
Liebsh et al. [5℄ onluded that both ontributions are important, but that the phononi
frition strongly depends on the substrate orrugation amplitude. The abrupt hange in
the sliding frition at the superondutor transition observed by Dayo et al. [9℄ provides
additional support to the latter argument, showing that the eletroni frition is of the same
order of magnitude as the phononi one.
However, this relation between orrugation amplitude and phononi frition annot ex-
plain the full magnitude of the disagreement between the dierent authors. To ahieve full
agreement we would be fored to allow for huge dierenes in the orrugation amplitude
between the various models, muh larger than in atual fat. An apparently subtle tehnial
3detail or artifat of the moleular dynamis simulation might show the path to the answer
of suh divergenes, either by itself or by larifying and improving on the above mentioned
orrugation dependene.
When arrying out moleular dynamis simulation the Xe adsorbate adopts one of two
dierent orientations relative to the 110 Ag substrate. This in turn produes signiant
hanges in the eetive sliding frition oeient, whih maybe due to the dierent om-
mensuration ratios between substrate and adsorbate, sine the adsorbate adopts one or the
other of the two preferred orientations. With the objetive of eluidating this question here
we present moleular dynamis results for a one dimensional system. Our aim is to stress
the role, and at the same time to have omplete ontrol of, the relation between η and the
ommensuration ratio.
2. MODEL
The model, shematially depited in Fig. 1, an be thought of as a generalized Frenkel-
Kontorova model plus a utuation-dissipation mehanism. It onsists of a one-dimensional
hain of atoms that interat with eah other through a Lennard-Jones interatomi potential
(adsorbate), moving in a periodi external potential (substrate). Apart from the interatomi
and the adsorbate-substrate interation, there are damping and stohasti fores that at
as a thermostat, plus an external applied fore whih makes the adsorbate slide over the
substrate. This way, we intend to model the sliding of a solid monolayer over a perfet
rystalline substrate. Therefore, the adatoms of mass m and labeled by the indies i and j,
obey the following Langevin equation:
mx¨i +mηex˙i = −
∑
j
∂V (|xi − xj |)
∂xi
−
∂U(xi)
∂xi
+ fi + F . (1)
The external fore F is applied to every atom in the hain the total external fore is
thus NF and fi is a stohasti utuating fore drawn from a Gaussian distribution, and
related to ηe via the utuation-dissipation theorem
〈fi(t) fj(t)〉 = 2ηemkBTδijδ(t) , (2)
where T is the temperature of the substrate and kB is the Boltzmann onstant. The stohas-
4Figure 1: The one-dimensional model
ti fore plus the dissipation term provide a thermal bath to desribe the otherwise frozen
substrate. Moreover, the damping term represents the eletroni part of the mirosopi
frition, whih annot be inluded in a rst priniples way in our lassial treatment. ηe
may thus be regarded as the eletroni sliding frition oeient. The expression of the
interatomi Lennard-Jones potential between adatoms, V (r), where r = |xi − xj |, is given
by
V (r) = ε
[(r0
r
)12
− 2
(r0
r
)6]
, (3)
where r0 is the T = 0 equilibrium distane of the dimer and ε is the depth of the potential
well. The interation is ut-o beyond third neighbors, and hene the ell parameter for
the isolated hain is b = 0.9972r0. The adsorbate-substrate potential U(x) is a periodi
potential
U(x) = u0
[
cos
(
2pi
x
a
)
+ 1
]
, (4)
and therefore a is the periodiity of the potential, representing the distane between neigh-
boring substrate atoms; u0 is the semi-amplitude of the adsorbate-substrate potential, and
it is usually alled the substrate orrugation.
In what follows we take r0, ε and the mass m of the adsorbate atoms as the fundamental
units of the problem, expressing all other quantities in terms of them. For example, the time
unit is t0 = r0
√
m/ε, and onsequently in units of r0 = ε = m = 1 it follows that t0 = 1.
As for temperatures they are presented as kBT , therefore they are in units of ε.
The periodi boundary onditions impose the following relation between a and b:
Nsa = Nab, (5)
5where Ns is the number of substrate atoms andNa the number of adsorbed atoms. Therefore,
the ommensuration ratio between substrate and adsorbate is given by
a
b
=
Na
Ns
. (6)
As was stated the Se. 1, several authors [2, 3, 4, 5℄ have already stressed the important role
of overage and orrugation in the understanding of atomi sliding frition. Here we fous
on the eet of these parameters, restriting the system to be one-dimensional, in order to
avoid any possible topologial artifats that are due to nite size eets. Consequently a/b
and u0 are our key parameters in the study of the adsorbate-substrate interfae response to
sliding frition.
Eq. (1) is numerially integrated using a Langevin moleular dynamis algorithm [10, 11,
12℄ for 2500 partiles (Na), with a time step ∆t = 0.01. To obtain the frition oeient
η an external fore F is applied; however, before this fore is applied we allow the system
to relax during tr = 2500. Next, F is applied to every adatom, and after another transient
period of the same extension the adatoms are presumed to have reahed the steady state,
with the average frition fore equal to the external fore (this onjeture is shown below to
be valid). Analytially,
F = mηv , (7)
and hene η is the eetive mirosopi frition oeient whih inludes the ad ho fri-
tion oeient ηe of Eq. (1). In all the alulations presented here we keep the eletroni
ontribution to η xed at ηe = 5 × 10
−3
; as the eetive frition oeient is η = ηe + ηph,
the preise value of ηe is irrelevant for the alulation of ηph.
Figure 2 shows the typial behavior of the adatoms enter of mass veloity during a
Langevin moleular dynamis run, before and after the external fore is applied. We observe
that the system relaxes in a typial time whih is less than 1000 during the thermalization
period, and that it enters into a steady state in about the same time after the fore is applied.
The temperature is T = 0.05 and the applied fore is F = 0.001. Therefore, in this ase,
the resulting frition oeient is η = 0.0075, whih implies ηph = 0.0025.
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Figure 2: Typial behavior of the adatoms enter of mass veloity (vcm) during a Langevin moleular
dynamis run, before and after the fore is applied. In this ase u0 = 0.04ε and a/b = 0.95. The
applied external fore is F = 10−3ε/r0 and temperature is T = 0.05ε/kB . vcm and t in redued
units of
√
ε/m and r0
√
m/ε respetively.
3. RESULTS
As was stated above, in this ontribution our main onern is the relation between atomi
sliding frition and adsorbate-substrate interfae topology. Consequently, in this setion we
present results for our model of the eetive sliding frition oeient η, for dierent values
of the substrate-adsorbate ommensuration ratio a/b, and of the substrate orrugation u0.
We also hek on the eet of substrate temperature.
One we have made sure that the atomi frition obeys Eq. (7) we obtain from it the
eetive frition oeient η simply by evaluating the slope of the F ∝ v relation. The fore
F is the input value and the veloity is obtained by time averaging the steady state enter
of mass veloity, as exemplied for one run in Fig. 2. To obtain reliable data we perform ve
independent runs for eah value of F , and we take the average of the resulting vcm values
whih is denoted as 〈vcm〉. A set of results for a/b = 0.451 is shown in Fig 3, where it is
observed that, although some deviations are present, the linear relation between 〈vcm〉 and
F is a valid assumption for all the substrate orrugation values onsidered here. For other
ommensuration ratios similar pitures are also obtained.
In Figs. 4 we present the results for the eetive frition oeient at T = 0.05, and for
71 1.5 2
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Figure 3: Center of mass veloity v as a funtion of the external fore F , in redued units [v] =√
ε/m and [F ] = ε/r0, for four dierent substrate orrugation values and for a ommensuration
ratio a/b = 0.451. The resulting η oeients (in units of
√
ε/(mr2
0
)) are: 5.12 × 10−3(©), 5.27 ×
10−3(✷), 5.78 × 10−3(✸), and 8.22 × 10−3(△).
dierent ommensuration ratios. They are separated into two plots, depending on the range
of variation of η as a funtion of the orrugation amplitude. Cases where the oeient
η rises above 0.9 × 10−2 at the maximum orrugation amplitude (u0 = 0.08) are shown in
Fig. 4(a), while the ases with frition oeient below that value (at the same orrugation
amplitude) are displayed in Fig. 4(b). We denominate them, respetively, strong and weak
frition ases.
Given the theoretial arguments presented by Smith et al. [2℄ and the numerial evidene
presented of Liebsh et al. [5℄, supporting the quadrati dependene of the frition oeient
with substrate orrugation, we tted the data of Fig. 4 with the following expression:
η = η0 + cu
2
0
, (8)
where η0 is the frition oeient in the absene of orrugation, and thus equal to the ad-
ho (or eletroni) frition oeient ηe. The seond term of the eetive frition oeient,
cu2
0
, is referred to as the phononi frition oeient, ηph, whih depends quadratially on
the orrugation amplitude u0. The resulting parabolas an be seen in Fig. 4 (dashed lines)
along with the tted data, while the oeients η0 and c are given in Table I. Notie that
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Figure 4: Total frition oeient (in units of
√
ε/(mr2
0
)) for a variety of ommensuration ratios
a/b and for a temperature T = 0.05ε/kB . (a) strong frition oeients; (b) weak frition
oeients.
Table I: Fitting parameters η0 and c of Fig. 4
group a/b η0 (10
−3) c (10−2)
strong 0.451 5.07±0.02 52±1
0.551 5.21±0.02 139±3
0.950 5.52±0.03 217±6
weak 0.651 5.04±0.02 8.6±0.5
0.751 5.04±0.01 2.0±0.4
0.851 5.04±0.01 2.0±0.4
our results are onsistent with Eq. (8), and that η0 is indeed equal to ηe.
One it is properly established that the sliding frition (of adsorbate-substrate interfaes)
due to phonons depends quadratially on the substrate orrugation amplitude, the oeient
c beomes the main soure of information about the phononi frition between dierent
surfaes. A synthesis of the results of the present ontribution are given in Fig. 5, where we
illustrate the behavior of the oeient c of Eq. (8) over the whole range of ommensuration
ratios, and for several dierent temperature values, using a semi-logarithmi plot. The
prinipal feature of this gure is the region of low ηph values for a/b ≈ 0.6 − 0.9. Fig. 5(a)
9and Fig. 5(b) dier on the range of fores used in eah one of them. Fig. 5(a) was obtained
using fores in the range 0.001 − 0.002, while for Fig. 5(b) we used fores in the range
0.0001−0.001. That the two set of urves are not idential means that the linear assumption
for the fv relation is valid only if restrited to relatively small fore ranges less than a
deade, as was the ase in all previous ontributions on sliding frition. We will omment
on this below, at the end of this setion.
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Figure 5: Coeient c of the phononi frition (ηph = cu
2
0
) for several ommensuration ratios. (a)
Results obtained with external fore F in the range 0.001 − 0.002ε/r0 and four dierent tempera-
tures. (b) Results obtained with external fore F in the range 0.0001− 0.001ε/r0 and two dierent
temperatures. The oeient c is in units of (mr2
0
ε3)−1/2 and temperature is in units of ε/kB .
We onlude from Fig. 5 that the oeient c has a non-trivial relation with the om-
mensuration ratio, whih allows to disriminate between strong and weak phononi frition,
i.e. as a funtion of interfae mismath. Besides, it reets how the frition oeient varies
with temperature; to illustrate the latter behavior in detail we present in Fig. 6 the relation
between c and temperature, for some seleted (strong ases) values of the ommensuration
ratio. We see that for a xed a/b ratio the c oeient inreases linearly with temperature.
In order to obtain some insight on the origin of the sliding frition wide minimum as a
funtion of ommensuration ratio, we look at the adsorbate phonon density of states D(ω),
whih an be readily omputed, in a moleular dynamis simulation, by means of the Fourier
transform of the veloity autoorrelation funtion γ, given by [13℄
10
0 0.04 0.08
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a/b = 0.951
a/b = 0.551
a/b = 0.451
Figure 6: Temperature dependene of the oeient c for several strong frition ommensuration
ratio values. The oeient c is in units of (mr2
0
ε3)−1/2 and temperature is in units of ε/kB .
γ(t) =
∑
vi(t) · vi(0)∑
vi(0)2
. (9)
The resulting D(ω) spetra are shown in Figs. 7 for one representative a/b ratio of eah
group, both at the low temperature T = 0.005; Fig. 7(a) orresponds to the weak and
Fig. 7(b) to the strong frition group. We do so for the F 6= 0 (dashed line) and F = 0
(solid line) steady state ases, where F is the external applied fore. Notie that for the
strong frition ase, extrema of D(ω) in the low frequeny region are generated, whih losely
resemble one-dimensional Van Hove singularities; i.e. points whih orrespond to extrema
(maxima or minima) of the ω versus k dispersion relation. In our model they are due to
the mismath of the hain and periodi potential periodiities. When the external fore is
applied an inversion ours: in the frequeny region where there is a minimum for the F = 0
pre-fore situation, a maximum of D(ω) develops during hain sliding. This feature is absent
in the weak frition ase, where the phonon density of states is muh like the typial one
for an isolated 1D system, with no dierene between the fore free (F = 0) and the driven
(F 6= 0) ases. As the ommensuration ratio a/b rosses over from the strong to the weak
frition regime the maxima are quenhed.
The physial impliations of the D(ω) maximum are that in a non-ommensurate state
some low frequeny (large wavelength) modes annot be exited, sine the adsorbate has
11
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Figure 7: Normalized phonon-frequeny spetrum for two dierent type of ommensuration ratio
values, one of the (a) weak frition type (a/b = 0.851) and the other of the (b) strong frition type
(a/b = 0.950) The frequeny ω is presented in units of
√
ε/(mr2
0
).
to adjust to the mismath ondition. However, when the system starts its sliding motion,
preisely these `soft' modes are the ones that are exited preferentially, with the onsequent
amplitude inrease in that frequeny region. It is just this feature that singles out the
most eient energy dissipation hannel. The way in whih this is ahieved is by pumping
enter of mass energy into the adsorbate vibration modes that lie in the viinity of the Van
Hove like singularity, whih inreases the frition relative to the weak frition ase, where
the mismath does not impose on the system a frequeny region where it does not vibrate
`omfortably'. Therefore, in the weak frition regime, the phononi dissipation hannel is
just the usual one.
To provide additional support to this interpretation we plot, in Figs. 8, snapshots of the
system as it evolves in time: these snapshots represent the positions of many partiles (a
setion of the hain) as a funtion of time before and after applying the external fore, for
strong and weak frition representative ases.
Figures 8(a,b) orrespond to a weak frition ase, before and after the fore is applied,
respetively. Figures 8(,d) are the analogous snapshots for the strong frition ase. Com-
paring Fig. 8(a) and Fig. 8() there is an obvious dierene between the struture of the
hain in equilibrium (without external fore), whih is due to the onstraint imposed by the
substrate potential. In the strong ase (Fig. 8()) the ommensuration ratio is suh that the
12
system has to signiantly rearrange to aommodate to the substrate potential, whih is
reeted in the kinks that an be observed and whih yield a stable pattern. This in turn
preludes the system vibrations in a spei olletive mode, thus ating as a barrier for the
propagation of spei frequenies (as if some modes are pinned) generating the minimum
in the density of states of Fig. 7(b). This feature is absent in the snapshot of Fig. 8(a) whih
an hardly be distinguished from a free hain. So D(ω) looks like a 1D ase. When the
external fore sets the system in sliding motion the kink ats as an exitation, foring the
system to vibrate in what was a forbidden mode for F = 0. The frozen mode now does slide,
as an be seen in Fig. 8(d), where the propagation of the kinks is quite apparent. Therefore,
a strong absorption band appears preisely where there was a minimum in the fore free
situation (Fig. 7(b)). The orresponding weak frition ase shows no propagating kink at
all and the whole struture is less perturbed (Fig. 7(a)). However, the exitation of all the
partiles is evident, as for a free hain.
In onlusion, it is our understanding that this ould explain the large dierenes in sliding
frition behavior for dierent ommensuration ratios: the key element is the appearane of
a new hannel of dissipation (due to large wavelength kinks) that is responsible for the
inreased frition in the strong frition ases. The kink appears when the adsorbate is
near perfet ommensuration with substrate. This hannel ats in parallel with the normal
phonon dissipation mehanism.
The present results are onsistent with those obtained by Braun et al. [14℄ who, using
moleular dynamis simulations, studied the mobility and diusivity of a generalized Frenkel-
Kontorova model taking into aount anharmoni interations. In Fig. 9 we ompare our
results with those of Braun et al. From the denition of mobility it is possible to write
B ∝
1
η
∝
1
c
where c is the proportionality oeient of Eq. (8). Notie that urve (a) has a maximum
for the mobility (minimum for the frition oeient) in the viinity of our own maximum,
in spite of the dierent temperatures used in the simulations. In the urve labeled (b), where
the dierene between temperatures is even larger, the minimum is only slightly shifted to
the right. All of the latter points toward the robustness of our interpretation of the enhaned
phononi frition.
A nal omment: Fig. 5(b) shows the c oeient the same that is plotted in Fig. 5(a)
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Figure 8: Snapshots of the position of the partiles as funtion of time (in units of r0
√
m/ε), relative
to the enter of mass position. In order to emphasizes visualization of the strutural hange we
have diminished the distanes between partiles. Snaps (a) and (b) orrespond to a weak frition
ase, while snaps () and (d) orrespond to a strong frition ase; snaps (a) and () were taken
before the appliation of fore, while (b) and (d) were taken after that.
but obtained using a lower range of external fores. If the linear assumption were stritly
valid the two graph should be idential; therefore the linear assumption is not generally valid.
While this is a very relevant issue, it an be seen that the qualitative general onlusions
presented so far are not aeted by this. Complementarily, at very low fores [17℄ the region
of low phononi frition between 0.6 − 0.9 are in fat of zero phononi frition, thus only
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Figure 9: Comparison between our results for the c parameter and Braun et al. data of mobility
as a funtion of ommensuration ratio. Present work results are at kBT = 0.01ε, while Braun et
al. results are at T = 0.0025 eV (a) and T = 0.02 eV (b). Curves (a) and (b) of Braun et al. are
urves (1) and (3) respetively of Fig.2 from Ref. [14℄. The oeient c is in units of (mr2
0
ε3)−1/2,
while mobility is adimensional. The sale was adjusted for the omparison between them.
eletroni frition should be expeted in these ases.
4. CONCLUSIONS
A phononi frition oeient alulation for a one dimensional model of an adsorbate-
substrate interfae, has been presented. Using moleular dynamis simulations we inves-
tigated the system, for dierent substrate/adsorbate ommensuration ratios a/b, in order
to address two basi questions: rst, how the phononi frition (and therefore the sliding
frition) depends on the ommensuration ratio between substrate and adsorbate; and se-
ond, whether a reasonable piture an be found to explain the divergent results between
equivalent alulations in the literature [2, 3, 4, 5℄. We believe that both these goals have
been attained sine, for spei ranges of a/b values, our model alulations yield a relatively
large frition oeient as ompared with the intrinsi or eletroni frition ηe. This piture
holds if a/b falls in what we denominate the strong frition region; otherwise, ηph an be
negleted in omparison with the eletroni frition ηe.
From the tehnial point of view suh sensitive dependene provides a plausible explana-
15
tion for the divergent results found in the literature [2, 3, 4, 5℄. In fat, a small rotation of
the adsorbate relative to the substrate in 2D or 3D simulations of sliding frition, an hange
the ommensuration ratio between the surfaes in suh a way as to generate a large hange
in eetive frition, allowing one group to laim that eletroni frition is dominant while the
other states the opposite, both of them on the basis of properly arried out omputations.
Our onlusion is that simulations with muh larger systems, and averaged over dierent
realizations, have to be performed in order to minimize the artifat imposed by small system
simulations or poor averaging. This suggestion implies a rather formidable omputational
hallenge, but ertainly more feasible than it was that ve or seven year ago.
The present results might appear onitive when ompared with reent results on the
frition of a dimer sliding in a periodi substrate [15, 16℄. For the latter system the frition
due to vibrations is maximum for a ommensuration ratio a/b = 2/3. However, suh a
frition is due to resonane of the internal osillation of the dimer that happens at muh
higher sliding veloities than the ones used here, sine our purpose is to ompare to typial
experimental setups.
A nal question an now be raised: Is the frition measured in the laboratory sensitive
to these subtle hanges in the topology, as seen by the sliding layer? One way to hek on
this would be to try dierent adsorbates on the same substrate (for example, omparing Xe,
Kr and Ar sliding on Au), or the same adsorbate sliding over dierent substrates (Xe on Au
or Ag).
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